In this paper we elevate the formalism for off-shell Abbott-Deser-Tekin (ADT) conserved charges in the presence of arbitrary matter fields to including the internal gauge transformation, when the gauge fields are present. For this purpose, we resort to exact symmetry, and the symmetry generator is combined by diffeomorphism and gauge transformation. For universality, we consider an apparently non-covariant Lagrangian, which contains a matter Chern-Simons term. We show that the elevated off-shell ADT formalism is equivalent to the covariant phase space method and the Barnich-Brandt-Compère (BBC) formalism. To check the validity of our method, we explicitly compute the conserved charges of general non-extremal rotating charged Gödel black holes in minimal five-dimensional gauged supergravity, reproducing the previously known results.
I. INTRODUCTION
Symmetry plays an important role in modern physics. The well known Noether's theorem, relating symmetries to conserved charges, has become a cornerstone in modern physics and provided a deep basis to understanding the conservation laws in classical mechanics, general relativity and quantum field theory. However, Symmetry is not so straightforward to define conserved charges in an unambiguous manner in general theory of gravity. On the other hand, because of the restriction of equivalence principle, till now there is no general consensus for defining the local conservation quantities in general relativity. At most, one can define quasi-local conserved charges in finite spacetime domains (for quasi-local concepts and an extensive review of conserved charges, please refer to ref. [1] ). Up to now, several approaches have been proposed to compute the conserved quantities, each having their own merits and demerits.
In the well known ADM approach [2] , the conserved charges could be calculated for asymptotically flat spacetime at the asymptotic infinity. But this approach fails for anti-de Sitter (AdS) spacetime. Extension to asymptotic AdS geometry has been given by Abbott, Deser and Tekin (ADT) [3] [4] [5] [6] [7] in a covariant manner. In this traditional ADT method, one needs to linearize the dynamical field and use the equations of motion (EOM), i.e. on-shell.
As a result, the procedures become highly complicated when the higher curvature or higher derivative terms are present in the Lagrangian. Without resorting to the linearization of dynamical field, the Brown-York method is put forwarded in [8] by introducing an appropriate counter term. This formulation is especially useful in the context of the AdS/CFT correspondence. But usually, it is difficult to find an appropriate counter term, and this method is not covariant.
Based on the Noether procedure, the covariant phase space method (CPSM) was proposed in [9] [10] [11] [12] by Wald and Iyer (see [13] [14] [15] for reviews ). In the framework of CPSM, a convenient method for calculating conserved charges associated with "exact symmetries" of black hole solutions in generally covariant gravitational theories was developed by K. Hajian, which is called solution phase space method (SPSM) [16] (see [17] [18] [19] [20] for reviews and applications of SPSM). Along another line, general theory of conserved charges based on the cohomology principles was developed by Barnich-Brandt and Compère (BBC) [21] [22] [23] [24] (see [25, 26] for reviews ). These formalisms have been extensively applied to investigate the black hole thermodynamic properties, especially used to derive the first law of black hole mechanics for generic theories of gravity. Recently, they have also been applied to investigate the holographic properties [27] .
Another interesting method to calculate the quasi-local conserved charges in a covariant theory of gravity is proposed by Kim, Kulkarni and Yi [28] , which generalizes the on-shell Noether potential in the ADT formalism to off-shell level. This method is based on the Lagrangian description, and so completely covariant. In technology, it uses the one parameter path integral method developed in [12, [21] [22] [23] [24] in solution phase space to obtain the finite charge difference. It works well for higher curvature case. In [29] , the quasi-local formulation of conserved charges has been extended to a gravity theory containing a gravitational Chern-Simons term, and it was shown that this quasi-local extension of ADT method is very effective even to an apparently non-covariant Lagrangian. Extension to generally covariant theory of gravity in the presence of arbitrary matter fields was presented in [30] . The case of including asymptotic Killing vectors has also been considered in [31] . The applications of off-shell ADT formalism for various interesting geometries were presented in [32] [33] [34] and references therein, for extensive review see [35] .
In [30] , the quasi-local formalism for conserved charges has been extended to a theory of gravity with arbitrary matter fields, but the internal gauge transformation was not included in. In many cases, if the gauge fields are present, like in Einstein-Maxwell or Einstein-Yang-Mills theories, one needs to consider a specific gauge transformation, which will lead to corresponding conserved charges. In these cases the symmetry generators are combined by diffeomorphism and U(1) (n) gauge transformation. CPSM including the internal gauge freedom was considered systematically in [36] on a principle bundle. For the off-shell ADT formalism the internal gauge transformation was considered first in [37] . But different from [37] , to obtain the conserved current and potential, we resort to exact symmetries, which are well appreciated in SPSM [16] [17] [18] [19] [20] . For universality, we consider an apparently non-covariant Lagrangian, which contains a matter Chern-Simons term. The non-covariant Lagrangian case was first provided by Tachikawa [38] in Iyer-Wald formalism, and applied to calculate central charges in extreme Black Hole/CFT correspondence in [39] . For more discussion see [40] .
For quite some time, the calculation of conserved charges is a hard problem for Gdel type black hole [41] [42] [43] [44] , which is the exact solution of Einstein-Maxwell Lagrangian with a matter Chern-Simons term. The BBC method provides an effective way to calculate the conserved charges for this type of solution [42, 43] , which are previously obtained just via indirect method. We show that the elevated off-shell ADT method is completely equivalent to the CPSM and also the BBC formalism. To check the validity of our method, we give a specific example for calculating the conserved charges in minimal five-dimensional gauged supergravity.
The paper is organized as follows. In Sect.2, we generalize the off-shell ADT formalism of conserved charges in the presence of arbitrary matter fields to including the internal gauge transformation, when the gauge fields are present. For universality, we consider an apparently non-covariant Lagrangian. We show that the elevated off-shell ADT formalism is identical with the CPSM and the BBC formalism. In Sect.3, we give a general model of Einstein-Maxwell-Scalar theory with cosmological constant and matter Chern-Simons term for calculating the off-shell ADT potential and charges. In Sect.4, we explicitly compute the conserved charges of general non-extremal rotating charged Gödel black holes in minimal five-dimensional gauged supergravity. The conclusion and outlook are given in the last section.
II. GENERALIZED OFF-SHELL ADT CURRENT AND POTENTIAL
In this section we elevate the off-shell ADT conserved charge formalism with arbitrary matter fields to including the internal gauge transformation, when the gauge fields are present. We construct the off-shell ADT current and potential, which will provide an effective way to compute conserved charges.
A. Formalism
Following [29, 30] , we consider an action which contains a non-covariant term and with
For convenience, we denote the dynamic fields jointly as Φ = (g µν , ψ) = g µν , A I µ , φ C , · · · . The generic variation of the Lagrangian leads to
where E Φ = (E µν , E ψ ) andΘ µ = √ −gΘ µ denote the Euler-Lagrangian expression and the surface term, respectively. And hereinafter, the tilde˜over a letter denotesX = √ −gX.
In order to introduce the off-shell current and potential, we consider a vector field ξ = ξ µ ∂ µ defined over the spacetime, which generates the diffeomorphism
if some number of U(1) (n) gauge fields are present, we might have gauge transformation A I → A I + dλ I for arbitrary scalars λ I , under which the Lagrangian is invariant. In this case we can denote the generator by ǫ = (ξ, λ I ) , such that
The variation of Lagrangian induced by ǫ is given by
where δ ǫ g µν = L ξ g µν = 2∇ (µ ξ ν) , and L ξ is Lie derivative along the vector ξ.
On the other hand, the non-covariant Lagrangian transforms as [38] 
whereΞ µ denotes an additional surface term which arises from the non-covariance of Lagrangian. By equating the two expressions above, we can obtain an off-shell identity
where we have defined
is an arbitrary anti-symmetric second rank tensor, and we drop it out in what follows since this ambiguity will not affect the final result. Furthermore, Eq. (7) can be written as
where
If the transformation δ ǫ Φ is an exact symmetry, i.e. δ ǫ Φ = 0 (for more details and discussion we refer the readers to SPSM [16] [17] [18] [19] [20] , and at this stage we do not restrict the field Φ to satisfy EOM), we can get
To obtain the off-shell conserved current, we consider the double variations [30] 
Using the property
and taking one of the varations as δ ǫ , we have
where we have used the symplectic current definition in CPSM [9] [10] [11] [12] 
Since the Euler-Lagrangian expression is covariant, we can use the exact symmetry δ ǫ Φ = 0
Now we can introduce an off-shell ADT current for any diffeomorphism ξ as in [30] in the presence of arbitrary matter fields
where we have taken δξ µ = 0, δλ I = 0, i.e. the generatores are field independent. From Eqs. (11) and (16), it is easy to see the conservation of the Off-shell ADT current as
So we are allowed to introduce the off-shell ADT potential Q µν ADT as
B. The correspondence of off-shell ADT potential and Noether potential
In this subsection we establish the relation between the off-shell ADT potential and
Noether potential, and we also establish the relation between off-shell ADT current in the presence of matter fields and the symplectic current in the CPSM.
From Eqs. (5) and (6), and using the off-shell identity (9), we can obtain the off-shell Noether current
which satisfies ∂ µ J µ ǫ = 0, so that the off-shell Noether potential K µν ǫ can be introduced as
which leads to
Since the surface termΘ is non-covariant,
whereÃ µ (δΦ, δ ξ Φ, Φ) andΠ µ λ (δA, A) come from the non-covariance of surface term, and we have denoted δ λΘ µ (δΦ, Φ) =Π µ λ (δA, A). From Eq.(24) We obtain
whereD
here the second equality denotesÃ µ term mainly comes from the contribution of gravitational part, which has been considered in [29] for gravitational Chern-Simons term. For convenience, we consider in our case an apparently non-covariant term in Lagrangian only consisting of gauge fields, i.e. the matter Chern-Simons term. So theÃ µ term vanishes. By varying the off-shell Noether current (20) and using the off-shell ADT current (17), we get
where we have used the Eqs.(23)- (26) and the symplectic current definition (15) .
On the other hand, from Eq.(21), we have
and substituting Eqs. (28) and (29) into Eq. (27), we obtain
where δ ǫ Φ = 0,ω µ (δΦ, δ ǫ Φ, Φ) = 0, for exact symmetry. Q µ ADT is the off-shell ADT potential corresponding to the off-shell ADT current J µ ADT , which is given by
Now we have established the one-to-one correspondence between the off-shell ADT potential and the Noether potential similar to [28, 30] , but in our formalism we have used the exact symmetry δ ǫ Φ = 0.
In order to obtain finite conserved charges, we use the one parameter path integral method [12, [21] [22] [23] [24] in the space of solutions, in which the path is characterized by parameter s(s ∈ [0, 1]). This path interpolates between the given solution and the background solution through parameterizing a set of free parameters M in the space for the solutions of EOM as sM . Finally by assuming that the integral is path independent, we can define the off-shell ADT conserved charge as
is the finite difference of Noether potential between the given solution and the background solution. Eq.(32) will provide an effective way to compute quasi-local conserved charges.
From Eqs. (31) and (32), we can see the elevated off-shell ADT formalism is completely equivalent to the covariant phase space method [9] [10] [11] [12] and the BBC formalism [21] [22] [23] [24] .
III. A GENERAL MODEL IN EINSTEIN-MAXWELL-SCALAR GRAVITY THEORY WITH MATTER CHERN-SIMONS TERM
As an application, in this section we calculate the conserved charges for Einstein-Maxwell-Scalar gravity theory with the cosmological constant and a matter Chern-Simons term for any odd dimensions D = 2N + 1. The action has the form
where L g = R − 2Λ,
Here Λ is cosmological constant, and the ǫ-tensor is defined as √ −gǫ 012···D−1 = −1.
We first consider the covariant part of the theory, i.e. the Einstein-Maxwell-Scalar La-
where the Euler-Lagrange expressions are
And the surface terms are given by
where and in what follows h µν = δg µν , h µν = g µα g νβ δg αβ = −δg µν , h = g µν δg µν .
Take the variation of Lagriangian induced by the generator ǫ
where the transformations are
The surface term for this transformation is given by
Since we now only consider the covariant part of the theory, the Ξ µ term vanishes.
From Eq. (20) we obtain the off-shell Noether current and Noether potential as follows
From Eq.(31) we have the off-shell ADT potential
Different from [30, 37] , in our case when we consider the internal gauge transformation, the gauge fields have contributions for off-shell Noether potential (49) and the off-shell ADT potential (50).
Now we consider the Chern-Simons term L CS . The generic variation of the Chern-Simons
Lagrangian
where the Euler-Lagrangian expression and the surface term are given by
The variation of the Lagrangian induced by the generator ǫ has the form
On the other hand,
comes from the non-covariance of the matter Chern-Simons Lagrangian.
By similar procedure to the covariant part, we can obtain off-shell Noether current and potential
From Eq. (29), the additional terms are
From Eq.(31), The contribution of the Chern-Simons term for the off-shell ADT potential is given by
The formulas above have already been calculated for Chern-Simons theory in [39, 42, [45] [46] [47] in CPSM and the BBC formalism up to a supplementary term, which does not affect the final integral results for conserved charge calculation. Therefore, we have explicitly shown the equivalence of our formulation with the CPSM and the BBC formalism.
IV. CONSERVED CHARGES OF GENERAL GÖDEL BLACK HOLES IN MINIMAL FIVE-DIMENSIONAL GAUGED SUPERGRAVITY
When D = 5, Λ = 0, and D = 3, Λ = 0 1 , we have checked that our off-shell ADT potentials are completely equivalent to BBC surface charges obtained by Compère and collaborators in [42] and [43] , respectively. By calculation we can get the same results of mass, angular momentum and electric charge of Gdel black holes as those they got.
As an explicit example, in this section we use the elevated off-shell ADT formulation to calculate the conserved charges of general non-extremal rotating charged Gödel black holes in minimal five-dimensional gauged supergravity. This general Einstein-Maxwell-Chern-Simons-Gödel (EMCS-Gödel) black hole was obtained by Wu in [44] as
where the unit 3-sphere dΩ 2 3 and the left invariant form σ 3 are given by
and
is a solution to the theory
From our previous conserved current and potential, when we take N = 2, N IJ (φ) = 4, C IJK···L = − 4 3 √ 3 and drop the IJK · · · L indices the relevant quantities can be summarized
In order to obtain finite conserved charges, we use one parameter path integral method [12, [21] [22] [23] [24] The time translational timelike Killing vector is taken as ξ = ξ µ ∂ µ , ξ µ = (−1, 0, 0, 0, 0), and the generator ǫ = (ξ, 0), which satisfies the exact symmetry δ ǫ Φ = 0. The Noether potentials and the surface terms are calculated as from which the mass of EMCS-Gödel black hole is given by
We can see that the mass not only comes from the gravitational part, but the electromagnetic and matter Chern-Simons term have also contributions.
Taking the rotational Killing vector ξ = ξ µ ∂ µ , ξ µ = (0, 0, 0, 1, 0), ǫ = (ξ, 0). Since ξ is tangent to the integral surface, the surface terms have no contributions to the angular momentum. The Noether potentials are calculated as
then we obtain the angular momentum
while the angular momenta for other rotational killing vectors vanish.
When ǫ = (0, −1), which is a solution of δ ǫ Φ = 0, the additional non-covariant term has a contribution to electric charge. The Noether potentials and the surface terms are calculated as ∆K tr gEM = −
from which the electric charge is given by
Finally, if we take the generator ǫ = (−∂ t − Ω φ H ∂ φ , Φ H ), analogous to the CPSM [9, 10], we can define black hole entropy as the conserved charge
If we consider the linearity of the off-shell ADT potential with respect to generator ǫ, it is easy to verify the first law of black hole thermodynamics
The first law can also be checked by substituting the entropy [44] S = A/4 and the Hawking temperature T H = κ/2π, where A is the horizon area of black hole and κ is the surface gravity.
In the above we have chosen the minus sign for angular momentum and to satisfy the first law of black hole thermodynamics. In expression (73) we have considered the Gödel parameter j as a fixed constant. The above conserved charges are completely agree with the ones in [44] . Therefore, we have explicitly shown the validity of our elevated off-shell ADT conserved charge formalism in the presence of arbitrary matter fields.
V. CONCLUSION AND OUTLOOK
In this paper we elevated the formalism for off-shell ADT conserved charges in the presence of arbitrary matter fields to including the internal gauge transformation, when the gauge fields are present. For this purpose, we resort to exact symmetry, and the symmetry generator is combined by diffeomorphism and gauge transformation. In this procedure we are not restricted to Killing vector for diffeomorphism. For universality, we consider an apparently non-covariant Lagrangian, which contains a matter Chern-Simons term. The elevated off-shell ADT formalism provides an efficient way to compute the quasi-local conserved charges in the presence of gauge field. We have shown that the elevated off-shell ADT formalism is completely equivalent to the CPSM and the BBC formalism. Finally, we computed the conserved charges of general non-extremal rotating charged Gödel black holes in minimal five-dimensional gauged supergravity, which are agree with the previous known results. The off-shell ADT formulation can be used even with slow falloff matter fields in asymptotic infinity [32] . It also does not need to add counter terms to the Lagrangian [48] in order to get the correct results for our formalism.
Usually, the effect of matter field is very important for generic theories of gravity. Off-Shell ADT formalism will provide a systematic way to constructing conserved quantities. In the future work we will generalize the off-shell ADT formalism to including the non-Abelian symmetry, when the non-Abelian gauge fields are present. There exists an extensive class for supersymmetry black hole solutions in the presence of non-Abelian gauge field [49] . It will be an intrigue and important issue to study the conserved quantities for this class of solutions.
